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Matroidintersectionpolytope

Let M Ei Ii ME E I 2

be two matroids
rank functions r r

analogously to the matroid

polytope let
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ie X ERE is setofidiates of
common independent sets

Define the
imidintersection

polytope Pm µ
com X

can use tooptimize linear functions over X

Main result Pm m2 is the

intersection Pm A Pmz
of the

matroid polytopes Pm Pmz of Mi Mr

vertices pm nverticesPm verticesGmApm

This is surprising In general
for polytopes P IR

vertsanner 3
vertices pm

indicates
of 7

vertices of PmMz
ifPm mi Pmhmm then same set

of vertices
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e.ge Pick share no

vortices but

p P hPa to
hence has

vertices

Interns of
Recall matroid polytope
for r rank function of M

Pai xEIRE x s Ercs t SEE

Exe
Xe O te EE

ees

Pm rpm has both sets of
constraints so

1981 can efficiently decidemembership inPmm2



Theorem Let P Pm hPmz i.e

P XERE x Er Cs f SEE

XC5 Eris t SEE

Then
Xe O te EE

13 i.e Pm mz PmdPma

similar
Proof Play vertexproof for matroid

polytope

Like second proof for matroid

polytope use vertex integrality
of P

Integrality suffices bythe usual logic
D clearly convCX EP ble X E Pm APME



D on the other hand if P integral then

P E Conv x because integral
points in Pm Pm are indicators of
indep sets in Me Mz integral
points in Pm APmEP are coming indeep

sets

Again if P x Axe B X303
matrix A isnt totally unimodulon

there are matrices

But seq deserting vertices
will be T U Cenogh
Ooo

e R
E x C I l t

Let X ke an extreme point of P
Five

We know x characterized

by which ineqlettes are light
for it



For i'c 423 let
EeeEE x Is

T SEE D ri

i e Ti sets of tight rank
constraints

in Mi

Let J e x e 0

Then x is unique solution
to

X S r CS VS ET

VS Kris VS C Tz

e o te EJ



That is 3 is the intersection

of two faces Fi Fz

in Pm 3 PM 2

Fi xEPm x s ri s V SET

Xe c o te c J

Recall from leak T
can be replaced by a chain Ci
without charging Fi

3 Ca Ca chains set

Fi xEPm x s rics a SEC

Xe e o te c J
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Thus assume it is solution to

x s r CS VS E C

xcst r.es Vrs e Cz

Xe O te c J



This is Arab for bee

x integral

Why Rows of A are 2 s

of S in drain C or C z

ee l l l C

can.mn sfi8 zeof A so it
looks like this

O l O 0

doesn'tchangeT U

We use discrepancy to prove
Theorem 3.14 in polyhedral notes

Recoall A T U ht submatrices

A'of A 3 partitionR Rz of rows of A
ai



if FEI has f so
113

eg A

Ri

F I

Br
I 0 O l 1 I

Consider submatrix A'of A
corresponds to subchains Cf Ct
same form as A

Assign R are as follows
Assign largest

elaut of ai
to Ri then alternatelyassign
remaruigelts of Ci to Rz R



e in
Sam has

entries

in O 13

B for CI assign oppositely

sun has entriesOverall
in l o I 3 I

completes the proof
i

optimization



Given a costfunction
c E IR

can we efficiently compute
i Ecce c Is

Max c s

SEI AI z EES

equiv optimize X over X E Pm M2

For just one
matroid greedyalg

works

For C I just L C I S

1 2 IEl times

For perfect matchup Hungarian
e.g mi

n cost p M

algo or

can also compute min cost
L.CI S

Exercise equiv to max cost indep

for c K c for K large



In general YEI can efficientlycompute

D ellipsoid

is complicated primal dual algos

strongly poly time

steps indep of c

if arithmetic is unit
cost

T.FM
yenpriualdualalsg.fory

Min costarbore scence

Recall given directed graph
D

vertex r arborescence A is a

spaanibtree inD directed away from r

EEE A



min cost arborescence

min Ecce
A arborescence ee A

CCA

3 4

TEETHC
z 2

es edges roads to be fixed

r distribution center

cost expense of fixing
road

First IP.formulation
think X 1A

assume C nonnegative for Aarborescent
Ecete

CCA

OPT min E Ce Xe
E

Xe R ee E



subjectto E te 22 its EV r

Lt
where etc s

A has
no
cuts

O Exe I Aver r

EESLD
indepees

e C 0,13
except r

xisianndicator

Checky only solutions
are 2A

where A is an arborescence

in particular all arbos satisfy
constraints

Miraculously we'll show even

w out integrality constraint

in degree
constraint there's still

an optimal solution thats
an

arborescence
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I e the follow's LP has optimizer
1A St A is an arborescence

LP Yiype
E Keke
EEE

subjectto e
1 AS EV r

primal e z O A ee E

note LPE OPT b c fuferhadonstraints
typo in pre lecture

Dual Lp
symmetric version



LP max E Ys
SE V r

subject to
E Ys E des ke EE

dual Sieests

Ys 30 AS EV r

Algorithm sketch construct

A arts A

D dud fears Y

satisfying complementary
slackness

Then c A LP but LP
c OPT

C A E OPT cCA O
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Complementary slackness for

Xe LA y says

a Ys o I An 8 Gy I

b e c A EY s
C e

S EE8 s

Two phases of algorithm
1 Construct

is dual feas y

D set F of edges sot

every vertex ofV is
reachable from r i n F

F mightnot be an athorescence
Y f F satisfy b



2 Remove unecessary edges
from F get arborescence
which satisfies both a b

Phaset Initialize F ol y o

counter k I

Dwhile not everything reachable from
r i n F

D select SEV r

i F strongly
connected in S

every vertex
can reach any

tf EIF other usingonlyedges
contained

F
r

entirely in Sj

ft
ii Fns 63 01

S is a source in

decamp of F into s
c c's

digraphhas decomp where if gC.c s
are contracted

left with DAG
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S is a
subsetof

vertices

F
subset of

edges

does
S E

vertices
touchedbyF

not
necessarily

intitdhr



D increase Ys unitil new

ineqality
Ebs Eden

5 eat8 s

equality
no teen

becomes an 456
y remain dual teas o

b c it was before
D F E F te n k E k t l

new F y don't violate b
because eu is tight

D Return F y satisfying b

everything reachable for
r in F



PhaseI eliminate as many

edges as we can in reverseordy

theywereoedded

B Tor i K 2

B I f F e contains a directed

path from r to every vertex

F e F e i

D Return A F

claimed A is an arborescence

Pfe We'll show IAI e N1 L d G I

v EV r

If indegree 4
for v tr contradicts

reachability in A
if IAI Iv I I then collision ei ej

delete



suppose i e j in reverse delete
would have removed ej b c

our vertex readidd Hume
is reachable through e i D

finally
claimed condition a of

complementary slackness
holds

a as o IA AS 631 2

Pt Assume not 3 S s t

Ys 0 IA n 8 CDI I

s
A

S was chosen at some step

l of phase 2 when
we added

e e to F



F had no other edges in 8 Is

ahu ee w as added

byconstruction

all edges of
An d s

are e j for j l

When S chosen I strongly
Connectd within s

s strongly connected using
only ei i c l

A
s

e i ee l



Subclavian All e j j e

should have been removed
in

Phase 2

Why_suppose ej necessary

to visit some vertex
v

let P r u path u sig e j
Let w last vertex in S ou p

V a

i

p
e ice

note P first enters S

Agh e j else could
shortcut e j because

S Storr
Conn



Because ee is necessary at

step l of phase 2 there

must be another path Q though
en

v Q

i

p
e
ice

similarly Q nut enter 5 first

though e l
Can use Q
to shortcut ej thus
ej not necessary
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